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ABSTRACT 
This note is a continuation of [2]; we describe here how to enumerate classes 
of isomorphic graded posets defined on a finite set. Perhaps the most interesting 
aspect of the results presented here is that the enumeration of these complex 
structures can be carried out in the algebra of formal power series. 
1. INTRODUCTION 
We have concisely reformulated some of  the results proved in [2]; this 
was necessary because the one-to-one correspondences defined loosely 
there are used in a precise way in Section 3 of  this paper.  
Roughly speaking, our results can be described as follows: Graded 
graphs can be viewed as direct products of graded posets (the terminology 
is defined in Section 2); this observat ion leads to a formula for the number 
o f  graded graphs in terms of  the number of graded posets that can be 
defined on 1-sets, 2-sets, etc. But graded graphs can be enumerated in a 
direct way, so equating the expressions arising from the two enumerations 
yields a relation that can be inverted so that a formula for the number of  
graded posets is obtained. In this paper  we show that the same program 
can be carried out to enumerate classes of  isomorphic graded posets. In 
this case, we have to enumerate classes of isomorphic graded graphs, and 
this is accomplished with a rout ine appl ication of  Pdlya's theorem. 
2. GRADED GRAPHS 
A graded graph (V, E, h) consists of a vertex set V, an edge set 
E _C {(u, v) : u, v E E, u ~ v}, and a function h which maps Vinto {1 ..... I V l} 
t The editors regret hat the publication of this paper has been delayed as a result 
of the change in editorial offices. 
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such that h(v) -- h(u) = 1 for all (u, v) ~ E. The rank of a graded graph 
(V, E, h) is defined to be the largest integer k such that h(v) = k for some 
v s V. Let or denote the set of all graded graphs having vertex set 
V and having rank not greater than k. I f  I VI = n, we define 
g~(n) :=  [ Jk(V)[, so go(0) ----- 1, and define the generating function 
X n 
Gk(x) := ~ g~(n)~.. (1) 
n=0 
It is not difficult to show that 
n ) 2 ~l~+'''+~k-l~k, (2) gk(n) = ~ vl .... , vk 
where the index of summation extends over all compositions (vx ,..., vk) 
of n into exactly k non-negative parts vl ..... v~. In fact, the summand 
corresponding to the composition (Vx ..... vk) is equal to the number of 
elements (V, E, h) ~ Jk(V) such that v i= I{v:v~V,h(v)  =i}[ for 
i = 1 ..... k. 
A graded graph (V, E, h) is called basic if every connected component of 
the graph (V, E) has at least one vertex v such that h(v) = 1. Let Mk(V) 
denote the set of all basic graded graphs having vertex set V and having 
rank not greater than k. I f  [ V I ~ n, we define b~(n) :=  t ~k(V)[, so 
bk(0) = 1, and define the generating function 
an(x) := ~ x" ~=0 bk(n) ~! " (3) 
A composition of a set V into k sets is a k-tuple (V~ .... , V~) such that 
{V1 .... , Vk} is a partition of V. A composition of a set may involve empty 
sets. Now we define 
~(v)  := U (~(v0  x --. x ~(v~)),  (4) 
where the index of the union extends over all compositions (V1 ..... V~) 
of V into k sets. 
THEOREM 1. There is a one-to-one correspondence b tween the elements 
of Jk(V) and the elements o f f , (V ) .  
Proof. Suppose (I11 ..... V~) is a composition of V into k sets, and let 
B = ((//1, E l ,  hi),..., (V~, Ek, ha)) denote an element of ~1(V1) • "'" • 
Mk(Vk). Corresponding to B is the element ~0(B) = (V, E, h) ~ Jk(V) 
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where E : :  E1 U " "U  Ek, and the rank function h is defined by 
h(x) : :  h~(x) + k - - j  if x ~ Vj. Now we show that q~ is a one-to-one 
mapping of the elements of ~k(V) onto the elements of Jk(V). 
Given (V, E, h) ~ JAV), we let (V~., Ej) denote the union of all connected 
components (V', E') of (V, E) such that min{h(v) : v ~ V') = k - - j  + 1 
for j ---- 1 ..... k. Also, for each v ~ V~- we define h~(v) := h(v) -- k + j. It 
is easy to check that (V~., E j ,  hi) ~ ~-(V~-), and (V1 ,..., V~) is a composition 
of Vinto k sets. Finally, it is clear that ~((V1, E l ,  h0 ..... (Vk, E~, hk)) = 
(V, E, h), so q0 is one-to-one and onto. This completes the proof. 
COROLLARY. We have 
gk(n) : ~ (1,, 1 ,.n..., vk) b~(Vl)"'" bk(vk) (5) 
where the index of  summation extends over all compositions (vx ,..., vk) of  n 
into exactly k non-negative parts. From this it follows that 
G~(x) = B~(x) "" B~(x); (6) 
hence, Bl(x) : GI(x), and for  k > 1 
Bk(x) --- Gk(x)/Gk_l(x). (7) 
Proof. We proved ] Jk(V)l = ] ~k(V)] in the foregoing theorem, but 
[ ~(V) ]  with [ V] = n is given by the right member of (5). To see this, 
note that, for a given composition (u~ ..... v~) of n into k non-negative 
parts, there are exactly 
( "  )= ,, 
V 1 ,...~ Y/~ Vl [ ..- V k ! 
compositions (V 1 ,..., Vk) of V into k sets such that 
IV l l=~ .... , IV~i=~.  
Of course, for a given composition (V1 ..... Vk) of V into k sets we have 
I ~ i (v~)  • ... • ~(V~) l  = b~0,0 "" b~(~) ,  
where  I V i i  = ~ ,..., [ V~l = ~.  Th is  completes the proof. 
We have an explicit formula for g~(n), namely, the relation in (2); also, 
since gk_~(0) = 1, an explicit formula for the coefficients of the power series 
(Gk_~(x)) -1 can be given in terms of the numbers gk-l(n), n = O, 1 ..... 
Thus, (7) leads to an explicit formula for bk(n). 
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Let V denote a finite set and let R denote a partial order relation defined 
on V; (V, R) is called a poset. Given u, v s V, we say v covers u in R if 
and only if u r v, (u, v) ~ R, and (u, x), (x, v) e R implies x = u or x = v. 
The covering relation of a partial order relation R is defined to be 
lq :=  {(u, v : v) covers u in R}. 
A finite partial order relation is uniquely determined by its covering rela- 
tion and conversely. A graded poset (V, R, h) is a poset (V, R) together 
with a rank function h which maps V into {1 .... , IV  I} such that 
(i) h(v) ~ 1 q- h(u) whenever v covers u in R, and (ii) every connected 
component (V', R') of the directed graph (V, R) has min{h(v) : v ~ V'} ---- 1. 
The rank of a graded poset (V, R, h) is defined to be max{h(v) : v ~ V}. 
Let ~k(V) denote the set of all graded posets (V, R, h) having rank not 
greater than k. 
THEOREM 2. There is a one-to-one correspondence b tween the elements 
of ~k(V) and the elements of Mk(V). 
Proof. Given (V, R, h) e ~(V)  define 0(V, R, h) :=  (V,/q, h) where 
denotes the covering relation for R. It is easy to check that 
(V, R, h) ~ ~k(V); furthermore, 0 is one-to-one and onto. This completes 
the proof. 
Since r ~(V) l  = r ~k(V)l, our enumeration of the elements of ~k(V) 
also applies to ~k(V). 
3. ISOMORPHIC GRADED GRAPHS 
Two graded graphs (V, E, h) and (V', E', h') are defined to be isomorphic 
if there exists a one-to-one mapping rr sending V onto V' such that 
E' = {(rru, try) : (u, v) E E}, and h(v) ~- h'(rw) for all v ~ V. We let ,,r 
denote the set of classes of isomorphic graded graphs having vertex set V 
and having rank not greater than k. Also, we let M~*(V) denote the subset 
of J~*(V) containing classes of isomorphic basic graded graphs. Given an 
n-set V, we define gk*(n) :~- [ Jk*(V)], bk*(n) :=  [ ~*(V) [ ,  so gk*(O) = 
b~*(O) = 1, and define the generating functions 
6~*(x) := ~ g~*(n)x", (8) 
n~O 
B~*(x) :---- ~ b~*(n) x". (9) 
n~O 
58z/9/4-7" 
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Next, we define an equivalence relation on ~k(V): elements 
((1"1, E~, hO ..... (V~, Ee, hk)), ((gl', E~', hi'),..., (Vj ,  Ek', hk')) ~ ~k(V) are 
defined to be isomorphic if and only if (V~, Ei,  hi) is isomorphic to 
(Vi', Ei', hi') for i = 1 ..... k. We let ~k*(V) denote the set of classes of 
isomorphic elements of Nk(V). 
THEOREM 3. There is a one-to-one correspondence b tween the elements 
of ~k*(V) and the elements of Jk*(V). 
Proof. We use the mapping 9 defined in the proof of Theorem 1. 
Suppose ~ ~ ~*(V)  and D ~ ~,  then D ~ ~k(V) and 9(D) ~ dk(V ) by 
definition. Let d o ~ d~*(V) denote the class which contains 9(D). It is 
easy to check that D' ~ ~ implies MD' = do  ; hence, we can define 9"(~)  
to be the class in J~*(V) such that ~(D) ~ ~*(~) for all D E ~. Using the 
fact that ~ is a one-to-one mapping of ~k(V) onto Jk(V), it is easy to show 
that 9* is a one-to-one mapping of ~k*(V) onto Jk*(V). This completes 
the proof. 
COROLLARY. We have 
gk*(n) = ~ bl*(Vl) "'" bk*(vk) (10) 
where the index of summation extends over all compositions (vl ..... vk) of n 
into exactly k non-negative parts. Hence 
G~*(x)  = B~*(x)  ... B~*(x), (11) 
so BI*(x) = GI*(x), and, for k > 1, 
B~*(x)  * x * = a~ ()/G~_~(x). (12) 
Proof. The relations in (11) and (12) are reformulations of (10), so 
we concentrate on proving (10). It was shown in Theorem 3 that 
[ Jk*(V)I = I ~*(V) l ,  so the result in (10) will be proved when it has 
been shown that [ ~k*(V)l is given by the expression i  the right member 
of (10). 
Let V denote an n-set let (Vx ,..., v~) denote a composition of n into 
exactly k non-negative parts, and let 
m~1 ...... ~(0 :=  U (d , (VO x ... x d.,(V,3), 
where the index of the union extends over all compositions (V1 .., Vk) 
of V into k sets with [ V1 [ = vl ..... [ V~[ = vk. Clearly, ~'1 ...... ~(V) is 
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a union of elements of Ne*(V), so we let m* ...... ~(V) denote the set of 
classes of isomorphic elements of me(V) whose union is equal to 
m~ ...... ~(V). Let (W1 .... , Wk) denote a composition of V into k sets with 
I WI [  = 1"1 ... . .  [ Wk[ = re,  and define 
m(w1 .... , we)  : = ~(wo x -.- x ~(w~) .  
Since re(W1 ,..., We) __C m,, ...... ~(V), we can consider the restriction of the 
isomorphism relation to re(W1 ..... We), and let m*(W1 ..... We) denote 
the set of classes of isomorphic elements of re(W1 .... , Wk). It follows at 
once from this definition that 
I m*(w~ ,..., W~)l = I ~x*(w0 x -.. x ~e*(Wk) l  
= bx*(v0  - "  bk* (vk) .  (13) 
Finally, every element of m~ 1...... ~(V) is isomorphic to at least one element 
of m(Wa ..... Wk), so 
Thus, 
, 
my1 . . . . . .  ~(v) l  - [m*(w1 .. . . .  W~)l.  (14) 
I me*(v))  = E l  * = my, ...... k(v)[ ~, bl(vx) "" bk(vk), (15) 
where the index of summation in both sums extends over all compositions 
(Vl ..... vk) ofn into exactly n non-negative parts. This completes the proof. 
Two posets (V, R) and (V', R') are isomorphic if and only if there exists 
a one-to-one mapping ~r sending V onto V' such that R' = {@u, rrv) : 
(u, v) ~ R}. Let ~k*(V) denote the set of classes of isomorphic graded 
posets defined on the set V having rank not greater than k. 
THEOREM 4. There is a one-to-one correspondence b tween the elements 
of ~k*(V) and the elements of ~e*(V). 
Proof. We use the mapping 0 defined in Theorem 2. Suppose 
~ ~k*(V), and P ~ ~,  then P e ~k(V) and O(P) ~ ~k(V). Let g~ denote 
the element in ~k*(V) which contains P, then it is easy to check that 
~p = gp, for all P '  E ~,  so we can define 0"(~) to be the class in g~*(V) 
which contains O(P) for all P ~ ~.  It is easy to check that 0* is one-to-one 
and onto. This completes the proof. 
Using (12), we can obtain an explicit formula for be*(n) in terms of the 
numbers ge*(0), ge*(1) ..... and g*_l(0), g*l(1) ..... Since I~e*(V)]---- 
I ~k*(V)I, this means we can enumerate the classes of isomorphic graded 
posets if we can enumerate the elements of J~*(V) for each number k and 
and an n-set V. This problem is solved in the next section of this note. 
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4. AN APPL ICAT ION OF POLYA 'S  THEOREM 
Let V denote an n-set, let (v 1 ..... %) denote a composition of  n into k 
non-negative parts, and let J~  ..... ,,(V) denote the subset of  Jk(V) con- 
taining elements (V ,E ,h )  such that vi = I{v: v~ V ,h(v )= i}l for 
i = 1 ..... k. Clearly, J *  ...... ,(V) is the union of  classes of  isomorphic 
* V graded graphs, so we let Jq  ...... ~( ) denote this set of  classes. Thus, 
I Je*(v)l =~1 * J~  ...... ~(V)l, (16) 
where the index of summation extends over all compositions @1 ..... re) 
of  n into k non-negative parts, so we concentrate on enumerating the 
elements of * V J , ,  ...... ~( ). 
Let (W 1 ..... We) denote a composit ion of  V into k sets such that 
] W1] =V l  ..... I We] =ve ,and le t  J (W1 .... ,We) denote the subset of  
jq  ...... ~(V) containing elements (V, E, h) such that Wi = {v : v ~ V, 
h(v) = i} for i = 1 ..... k. Also, let J * (W1 ..... Wk) denote the set of classes 
of  isomorphic graded graphs contained in J (W1 ..... We). Clearly, every 
element of J * (W1 ..... We) is a subset of  exactly one element o f  
9 V J r1  ...... ~( ) contains as a subset exactly J~  ...... ~( ) ,  and every element of * V 
one element of J * (W1 ,..., We); hence, 
:r 
J r ,  ...... ,(V)l = I J * (Wl  ,..., We)l. (17) 
Thus, we concentrate on enumerating the elements of  J * (W1 ..... Wk). 
Recall that (V, E, h), (V, E', h') ~ J (W1 ..... Wk) are isomorphic if and 
only if there exists a permutation 7r of  V such that E'  = {@-u, zrv): 
(u, v) ~ E}, and h(v) = h'@v) for all v ~ V. We have {v : v ~ V, h(v) = i} = 
Wi = {v : v ~ V, h'(v) = i} for i = 1 ..... k, so the restriction of  7r to Wi is 
a permutation of  Wi for i = 1,..., k. Hence, elements (V, E, h), 
(V, E', h ' )~ J (W1 ..... Wk) are isomorphic if and only if there exist 
permutations "/1" 1 , . . . ,  7T e o f  W 1 . . . . .  W k , respectively, such that 
E '  n (W~ • W~+I) = {(~-~u, ~'~+lV) : (u, v) z E c~ (W~ • W,+I)} 
for i = 1 ..... k - -  1. 
Define 
k--1 
Y: = U (wi  • wi+i); 
i=!  
let X := {0, 1}, and let X r denote the set of mappings of  Y into X. The 
elements of  X r correspond one-to-one with the elements of  J (W1 ..... Wk): 
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the e lement f~ X r corresponds to (V, E, h) ~ J (W1 .... , W~) if f (u, v) = 1 
implies (u, v) ~ E and f(u, v) = 0 implies (u, v) 6 E for all (u, v) e Y. Let 
S~ := S(IV,-) denote the symmetric group on W~ for i = 1 ..... k, and let 
S :=  5'1 • "'" • Sk denote the direct product of S~ ,..., Sk which acts on 
W1 • "'" • Wk in the usual way. A representation X of S by permutations 
of Y is defined as follows: if 7? = (~'1 ..... 7r~) ~S, then X(7?)(u, v ) := 
(~r~u, 7r~+lv) when (u, v) ~ Wi • Wi+l for i = 1 ..... k - -  1. Now elements f,
g e X r correspond to isomorphic graded graphs if and only if there exists 
7? e S such that fx(rr) = g. The situation just described meets all of the 
conditions of  P61ya's fundamental  enumeration theorem as stated and 
proved by de Bruijn [1 ]. Using this theorem we can conclude that 
I J * (W1 . . . . .  W~)l  = 
1 
v! ' "vk  I ~ 2c~% (18) 
where C(77) = c(x(7? ), 1) + c(x(7?), 2) + "" ", and c(a,j) denotes the number 
of j-cycles in a permutation a. Given the cycle type of ~ = (~h ..... rrk) e S, 
we can express C(77) as a sum involving the numbers c@1 , j) ,  c(~r2 , j )  ..... 
j = 1, 2,...; in fact, 
k--1 vj vj+ 1 
C(77) = Z Z )- (P, q) c(Trj, p) c(Trj+l, q), (19) 
]=1 1)=1 q=l  
where (x, y) denotes the greatest common divisor of x and y, and an empty 
sum is interpreted as a zero summand. The proof  of  (19) is based on the 
observation that a p-cycle of W~. and a q-cycle of Wj+ 1 gives rise to a 
[p, q]-cycle in the induced permutation of  ~ • Wj+I where [x, y] 
denotes the least common multiple of x and y. Thus, the pq elements of 
Wj • W~+~ split into pq/[p, q] = (p, q) cycles of length [p, q]. 
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